A random fuzzy variable is a function from a credibility space to the set of random variables. Chance distribution is a type of mathematical description of random fuzzy variables. This paper presents a sufficient and necessary condition for chance distribution of random fuzzy variables.
Introduction
Fuzziness plays an essential role in the real world. Fuzzy set theory has been developed very fast since it was introduced by Zadeh [12] in 1965. A fuzzy set was characterized with its membership function by Zadeh. The term fuzzy variable was fist introduced by Kaufmann [4] in 1975, and then appeared in Zadeh [14] and Nahmias [11] in 1978 as a fuzzy set of real numbers. The concept of possibility measure was presented by Zadeh [14] in 1978 to measure a fuzzy event. In order to give a self-dual measure for fuzzy events, the concept of credibility measure was introduced by Liu and Liu [7] in 2002. Credibility theory was founded by Liu [8] in 2004 as a branch of mathematics for dealing with the behavior of fuzzy phenomena. A fuzzy variable may be defined as a function from a credibility space to the set of real numbers. A detailed survey on credibility theory may be found in Liu [9] .
The concept of fuzzy set was generalized in many manners, for example, type 2 fuzzy set proposed by Zadeh [13] in 1975, twofold fuzzy set by Dubois and Prade [2] in 1983, intuitionistic fuzzy set by Atanassov [1] in 1986. In addition, fuzzy variable was generalized by bifuzzzy variable and random fuzzy variable. Bifuzzy variable was introduced by Liu [5] in 2002 as a function from a credibility space to the set of fuzzy variables. And random fuzzy variable was defined by Liu [6] in 2002 as a function from a credibility space to the set of random variables.
Based on the chance measure and expected value operator in Liu [6] and Liu and Liu [10] , some mathematical properties of random fuzzy variables were established in Zhu and Liu [15, 16] . The concept of chance distribution for random fuzzy variable was introduced and several properties of the chance distribution were studied in Zhu and Liu [15] .
As we know, in probability theory, probability distribution is an important concept and plays a crucial role in the study. One of the reasons why we study random variable by its probability distribution is that we know what a function is the probability distribution of a random variable. In order to investigate further properties of random fuzzy variable by its chance distribution, it is necessary to give a sufficient and necessary condition for chance distribution of random fuzzy variable. The task is completed in this paper.
Some Concepts
In convenience, we give some useful concepts at first. Let Θ be a nonempty set, and P(Θ) the power set of Θ. The triplet (Θ, P(Θ), Cr) is said to be a credibility space if Cr, called credibility measure, is a nonnegative set function defined on P(Θ) satisfying: (i) Cr{Θ} = 1; (ii) Cr{A} ≤ Cr{B} whenever A ⊂ B; (iii) Cr{A} + Cr{A c } = 1 for any A ∈ P(Θ); (iv) Cr{∪ i A i } = sup i Cr{A i } for any {A i } with Cr{A i } ≤ 0.5. A fuzzy variable is defined as a function from a credibility space to the set of real numbers. Definition 1. (Liu [6] ) A random fuzzy variable is a function from a credibility space (Θ, P(Θ), Cr) to the set of random variables.
Definition 2. (Liu [6] ) Let ξ be a random fuzzy variable, and B a Borel set of . Then the chance of random fuzzy event {ξ ∈ B} is a function from (0, 1] to [0, 1], defined as
(1)
3 A Sufficient and Necessary Condition 
Proof: The necessary condition is proved by Zhu and Liu [15] in 2004. Now we shall prove the sufficient condition as follows.
STEP 1: Let Θ 1 be the set of all rational numbers in (0, 0.5), Θ 2 the set of all rational numbers in (0.5, 1), and Θ = Θ 1 ∪ Θ 2 . Define a credibility measure Cr on Θ such that
Then (Θ, P(Θ), Cr) is a credibility space.
STEP 2: For each fixed θ ∈ Θ 1 , let D θ be the set of all discontinuity points of Φ(x; θ). Since Φ(x; θ) is increasing with respect to x, the set D θ is countable. Thus
is also a countable set. Write D = {x 1 , x 2 , · · · }. Since θ is a rational number, there exist two positive integers k and m such that (k, m) = 1 and θ = k/m. Now we define n 1 = 1 and
Then {n i } is an increasing sequence (finite or infinite) of positive integers. We set l 1 = 1/m, and
For each θ ∈ Θ 1 , we define a function F as follows:
If θ ∈ Θ 2 , then we define
STEP 3: We prove that, for each θ, the function F (x, θ) is a probability distribution. Here we only prove the case of
If there exists some index
for some index j, then u 1 < x nj , and
(ii) Sine Φ(x; 1 − θ) is right-continuous of x, we know that F (x, θ) is right-continuous of x. (iii) It is also clear that lim
Thus F (x, θ) ia a probability distribution for each θ. STEP 4: For each θ ∈ Θ, let ξ(θ) be the random variable having probability distribution F (x, θ). Then ξ is a random fuzzy variable since it is a function from the credibility space to the set of random variables. Let Φ * (x; α) be the chance distribution of ξ. That is
For any given x ∈ and α ∈ (0, 1], let us verify that Φ * (x; α) = Φ(x; α).
Similarly, for each θ ∈ (0.5, α) ∩ Θ, we have
Thus, Φ * (x; α) ≥ Φ(x; α). On the other hand, we can find a sequence {θ t } ⊂ (0.5, α) ∩ Θ, where θ t = k t /m t , such that x < m t , and θ t ↑ α as t → ∞. Hence
by the left-continuity of Φ(x; α) with respect to α. Therefore Φ * (x; α) = Φ(x; α). (ii) If α ≤ 0.5, we first show that Φ * (x; α) ≤ Φ(x; α). Let A ∈ P(Θ) with Cr{A} ≥ α. The arguments breaks down into three cases. Case 1: If there exists a point θ
Case 2: If there exists a sequence {θ t } such that θ t ∈ (1 − α, 1) ∩ Θ with θ t ↓ (1 − α), then (1 − θ t ) ↑ α, and Cr{ t θ t } = α. Hence
Case 3: If there exists a sequence {θ t } in A such that θ t ∈ (0, α) ∩ Θ with θ t ↑ α, then 1 − θ t ∈ (1 − α, 1) ∩ Θ and Cr{ t θ t } = α. Hence
Next we prove Φ * (x; α) ≥ Φ(x; α). Choose a sequence {θ t } ⊂ (0, α) ∩ Θ, where θ t = k t /m t , such that θ t ↑ α, and m t → +∞. Denote A * = {θ 1 , θ 2 , · · · }. Then Cr{A * } = α. If x = x s ∈ D, let us prove that there exists an index i such that x s = x ni . If s = 1, then s = n 1 clearly. Otherwise, without loss of generality, we may assume that 1/m t < min{|x s − x j | : j = 1, 2, · · · , s − 1} and −m t ≤ x s for all t. Then x s = x ni for some index i, and
If x ∈ D, for any small ε > 0, we may, without loss of generality, assume that 1/m t < ε, and −m t ≤ x for all t. If there exists some index i such that x ni ≤ x < x ni + l i , then we have 
If α ∈ Θ 1 , then x is a continuity point of Φ(· ; α). Letting ε → 0 in (6) yields Φ * (x; α) ≥ Φ(x; α).
If α ∈ (0, 0.5]\Θ 1 , then we choose a sequence {α i } in Θ 1 such that α i ↑ α. Since Φ * (x; ·), Φ(x; ·) are left-continuous, it follows from Φ * (x; α i ) ≥ Φ(x; α i ) that Φ * (x; α) ≥ Φ(x; α). The proof is completed
Conclusion
In the paper, we presented a sufficient and necessary condition for the chance distribution of random fuzzy variable. A function Φ(x; α) is the chance distribution of some random fuzzy variable if and only if Φ is left-continuous and decreasing in α, increasing in x, right-continuous in x if α > 0.5, and is 0 or 1 according as x goes to −∞ if α > 0.5 or x goes to +∞ if α < 0.5.
